
Wnesday , Sep 10
,
Lecture 6 : Vector

spaces and bases
.

Last time...

· systems of linear equations < #x =5

-
solution structure

· ref : No solution
I solution Many solutions

~
ref([xb) Idi) (b

: 3) I:
↑

Lexarple) Inconsistent .

I solution I free variable

10 free variables = Himensional
= Odim solu space coln space

Notation: expspace : fill witse

Ihm :

Fix an
men

matrix A and mal vector J
.

-

The matrix equation Ax = d has
...

·solutionifthe
last column of ref

ref([A :b]) = Imin)
↑

· Inconsistent system pivot co)

· Exactly one solution iff every clumn except the
#

met column is a pivot column :

ret :b)

:
No free variables+ consistent system



·solutionsitthelostcuiA
column is not a pivot column (at least I free variable

reflt))
:"I (

↑! ↑
free variable consistent

TMATSY reminder :
&

Def : Let A : R- RE represent a linear map
-

soon : Once we pick a basis
,
every linear map (

( corresponds to a
matrix

·
Themull space for

kel) of A is
-

null(A) = GFER" : Ax :by Ra

·Tellsusaboutnotsolutision of well()

Unique : O free variables ()
dim(null(k)) = 0

Many Solu : 1# free variables (E SimGullN))
= /

if weros (f) ,

thi

ref[fiw] is consisted
· TheEage of A laka image)

is E

ran (H) = 9 JER : there is a solution] - RM
* + * = 5

· Tells us aboutsteeofStir Jeran)
A =E is not consistent (no soln] <fran()



-ectorspasefined by what they do :

· Aft : if veV and wer
,

the

-

V+wEV

· multiply : if a + R(orD) and ver
,
the

aveV
.

Vector space over
R(ork) = Guestors]

Crucially ,
these operations cannot allow you to "leave" V.



ps is a rector space.

E+ j = [i] +[] =[]
af

: [JEV it at

· V = RPE8] is not a vector
space :

8. [i] = = AV

· V = &polynomial of degree -23 is a vestor space:

p(x) = ax" + a
,
x + a

q(x) = byx + 6
,
x + 6

,

Add : p(x) + q(x) = (+62)x + (
,

+ 6
,
(x +4. +b) + V

scolor : r . p(x) = racx+ ra
,

x + ra +V
R3

· V = EveR3 : Kill ::v+E + u= 13

=E EV
,

butitauto
· Money physical quantities (eg .gravitationa/electric field

, quarter observables

live in Vector spaces !



Drear combinations:
if v

, . . ., VpEV crevestors
,

and C
, ...,pER

we scales
,

the

y
= C

,
V

,
+ (1 +... +CpVpeV

is called a linear combination
.

Let: Spac

Spar (v ....., Vp) = (y = C
,
V

,

+ .. +CpVp)citR , VieV]

= [linear combos of V
, . . ., Up 3 .

Ex[] +R ,

span) :Ear : a + R]

spa
↑ = [] e R ,

Spr,) = Savi +bra : aber)

·
= [[:] : <++ ].



·Geometrically ,
clear that

dimension # spanning restors .

·

Hope : dimension = # sparring restors .

But this toesit work :

Exi

↑ = [b] < H2
,
ad = [] = R

&
Y

<pan() = [[] : a <M]

· = spant) .

What went wrong? I was redundant :
2

↓ = 25
,

soEspan() .

2

This is the notion of linear depende .

Learindependence

# set of vectors ,
, ..., is leindependent

if the only solution to the equ

a, + . .. + an = O

is a
,=

=
...

= d = 0
,

Otherwise , say E,..., inisearly dependent.



E
= [b] , = [] is lively depelet,

since
a ,v, +a = 0

has nonzero
solutions : if a = 1 and a : -E ,

the

1 .%
.

-E = [b] - E[E]

= [5]
is one example .

ifa
,

to

A more algorithmic approach
:

diviberon
ba

ref (Ta ,
a : 03) : [1 :0

& free variable (a) =0WitSolutioa
Geometrically :

Je is
retunkt !

·


